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The magneti and thermodynami properties of the two-dimensional (2D) quantum Heisenberg
antiferromagnet (QHAF) that inorporates both a Dzyaloshinskii-Moriya (DM) and pseudo-dipolar
(XY) interations are studied within the framework of a generalized nonlinear sigma model (NLSM).
We alulate the stati uniform suseptibility and sublattie magnetization as a funtion of tem-
perature and we show that: i) the magneti-response is anisotropi and diers qualitatively from
the expeted behavior of a onventional easy-axis QHAF; ii) the Néel seond-order phase transition
beomes a rossover, for a magneti eld B ⊥ CuO2 layers. We provide a simple and lear expla-
nation for all the reently reported unusual magneti anisotropies in the low-eld suseptibility of
La2CuO4, L. N. Lavrov et al., Phys. Rev. Lett. 87, 017007 (2001), and we demonstrate expliitly
why La2CuO4 an not be lassied as an ordinary easy-axis antiferromagnet.
PACS numbers: 74.25.Ha, 75.10.Jm, 75.30.Cr
I. INTRODUCTION
The usual starting point for the desription of the mag-
netism in undoped uprates is the 2D isotropi Heisen-
berg model
H = J
∑
<ij>
Si · Sj , (1)
with only the AF super-exhange J between the nearest-
neighboring Cu
++
spins, Si.
1
Remarkably, a long-
wavelength NLSM desription of suh model has been
shown to orretly apture many of the features ob-
served experimentally in the high-temperature param-
agneti phase.
2,3
At lower temperatures, however, small
anisotropies like the DM and XY interations beome im-
portant, and the ommonly used isotropi desription is
no longer adequate to desribe the long-wavelength mag-
neti properties of La2CuO4. In a reent paper, Lavrov
et al. reported on some unusual anisotropies in the
low-eld magneti suseptibility observed in detwinned
La2CuO4 single rystals.
4
Among the unexpeted fea-
tures one ould mention: i) an almost featureless trans-
verse in-plane suseptibility, χa, for an extended temper-
ature range; ii) the inrease of the longitudinal susepti-
bility, χb, as one approahes the Néel transition tempera-
ture, TN , from the ordered side; iii) the anomalous T = 0
hierarhy χc > χb > χa, where a, b, c represent the low-
temperature orthorhombi (LTO) rystallographi dire-
tions of Fig. 1.
In this artile we investigate theoretially the magneti
response and thermodynami properties of the square-
lattie QHAF that inorporates both the DM and XY
anisotropy terms by investigating the generalized NLSM
orresponding to this mirosopi problem. As it has
been stressed in the ontext of one-dimensional systems,
5
the DM term generates an eetive staggered magneti
eld proportional to the applied uniform eld. In the
two-dimensional ase the ontinuum eld theory allows
one to reprodue straightforwardly the same eet,
6,7
.
In Ref.
7
the attention was foused on the (lassial) spin
ongurations expeted in an external eld. In this paper
we investigate instead the thermodynamial properties of
the system, whih enter in a ruial way in the evalua-
tion of the stati uniform suseptibility, χ, as a funtion
of temperature, T . In partiular, we show that the ou-
pling indued by the DM term between the magneti eld
and the antiferromagneti order parameter is partiularly
relevant when the order-parameter utuations beome
ritial, leading to an anomalousmagneti response of the
system, as observed for example in
4
. As an outome of
our studies we observe that, while the isotropi nonlinear
sigma model (NLSM) is well established to give a proper
desription of the magnetism in the high-temperature
paramagneti phase, T ≫ TN ,2,3 for the ordered (bro-
ken) phase, T < TN , we nd more appropriate the adop-
tion of a soft version of suh xed-length onstraint, in
order to orretly apture the physis of the longitudi-
nal utuations. For the sake of larity, we refer expli-
itly to the La2CuO4 system throughout the paper, but
the results presented here apply to any 2D square-lattie
QHAF where the DM and/or XY anisotropy interations
are present, as for example other uprates and nikelates
La2NiO4.
8
2II. THE LONG-WAVELENGTH LIMIT
We onsider the following square-lattie single-layer
S = 1/2 Hamiltonian for the La2CuO4 system
H = J
∑
〈i,j〉
Si ·Sj +
∑
〈i,j〉
Dij · (Si × Sj)+
∑
〈i,j〉
Si ·←→Γ ij ·Sj ,
(2)
where Dij and
←→
Γ ij are, respetively, the DM and
XY anisotropi interation terms that arise due to
the spin-orbit oupling and diret-exhange in the low-
temperature orthorhombi (LTO) phase of La2CuO4.
8
The diretion and the alternating pattern of the DM ve-
tors, shown in Fig. 1, are a diret onsequene of the
tilting struture of the oxygen otahedra and of the sym-
metry of the La2CuO4 rystal. Throughout this work
we adopt the LTO (bac) oordinate system of Fig. 1, for
both the spin and lattie degrees of freedom, and we use
units where ~ = kB = 1. Thus we have that
Dij =
1√
2
(−d, d, 0), Dik = 1√
2
(d, d, 0), (3)
and
←→
Γ ij=

 Γ1 Γ2 0Γ2 Γ1 0
0 0 Γ3

, ←→Γ ik=

 Γ1 −Γ2 0−Γ2 Γ1 0
0 0 Γ3

,
where ij and ik label the Cu++ sites (see Fig. 1), and d
and Γ1,2,3 > 0 are of order 10
−2
and 10−4, respetively,
in units of J .8
To onstrut the long wavelength eetive theory for
the above Hamiltonian we follow the standard proedure:
we write
Si(τ)
S
= eiQ·xin(xi, τ) + L(xi, τ), (4)
where n and L are, respetively, the staggered and uni-
form omponents of the spin and Q = (pi, pi). We then
integrate out L and we obtain a modied NLSM where
additional terms appear due to the DM and XY intera-
tions (β = 1/T ) and
S = 1
2g0c0
∫ β
0
dτ
∫
d2x
{
(∂τn)
2 + c20(∇n)2 + (D+ · n)2 + Γc n2c
}
, (5)
and the xed length onstraint n2 = 1 is impliit (see also
Ref.
6,7
). Here g0 is the bare oupling onstant, related to
the spin-wave veloity, c0, and renormalized stiness, ρs,
through ρs = c0(1/Ng0−Λ/4pi),2,3 where Λ is a uto for
momentum integrals (we set the lattie spaing a = 1)
and N = 3 is the number of spin omponents. Finally,
D+ = 2S(Dij +Dik), (6)
see Fig. 1, and
Γc = 32JS
2(Γ1 − Γ3) > 0, (7)
and we negleted a small anisotropi orretion to c om-
ing from the XY term, sine Γ1,2 ≪ J .
Observe that in the NLSM (5) only the sum of the DM
and XY terms on the (ij) and (ik) bonds appears. This
has several onsequenes: (i) the XY term generates a
ontribution to (5) proportional to −Γααn2α, α = a, b, c,
where Γαβ = (1/2)(Γij+Γik)αβ = diag(Γ1,Γ1,Γ3). Sine
n2 = 1, suh ontribution redues to a onstant shift in
the lassial energy plus the Γc n
2
c term in Eq. (5). This
allows us to identify the ab as the rst easy plane. The
property that only the ombination Γ1 − Γ3 aets the
physis of the model (2) was an outome of the numer-
ial results of the RPA improved spin-wave analysis of
Ref.
9
, but no explanation for this eet was provided.
(ii) The DM distortion enters the ation (5) only through
the vetor D+ = D+xˆa (xˆa, xˆb, and xˆc are the LTO
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FIG. 1: Left: the hathed irles represent the O
−−
ions
tilted above the CuO2 plane; the empty ones are tilted below
it; small blak irles are Cu
++
ions; bac orthorhombi oordi-
nate system. Right: Shemati arrangement of the staggered
magnetization (small blak arrows) and DM vetors (open
arrows). Center: ontinuum denition of D+.
unit vetors), rendering bc a seond easy plane. When
the system orders we nd the staggered magnetization
at 〈n〉 = σ0xˆb, as observed experimentally,10 beause the
orientation along xˆa or xˆc would ost an energyD
2
+ or Γc,
respetively. Moreover, sine the uniform magnetization
is given by
6,7
〈L〉 = 1
2J
(〈n〉 ×D+), (8)
we nd that, in the AF phase, 〈L〉, is direted along xˆc,
3so that the Cu
++
spins are anted out of the ab plane
and onned to the bc plane.
III. MAGNETIC SUSCEPTIBILITY
To evaluate the stati uniform suseptibility, χα, we
rederive from the mirosopi Hamiltonian (2) the quan-
tum ation (5) in the presene of a magneti eld B (in
units of gSµB/~ = 1, where gS ≈ 2 is the gyromagneti
ratio and µB is the Bohr magneton)
6,7
S(B) = S(∂τn→ ∂τn+ iB× n)
+
1
g0c0
∫ β
0
dτ
∫
d2x B · (D+ × n). (9)
The last term in the above equation, whih ouples the
DM vetor D+ and the staggered magnetization n, is
responsible for many of the unusual features observed
experimentally in La2CuO4. However, this oupling is
generi to any square-lattie system, as other uprates
and nikelates, where symmetry guarantees that the DM
vetors alternate in sign between neighboring bonds.
8
The zero-eld magneti suseptibility is alulated in
linear response theory as
χα =
1
βV
∂2 logZ
∂B2α
∣∣∣∣
B=0
, (10)
where Z(B) =
∫ Dn exp {−S(B)} is the Eulidean par-
tition funtion for the ation (9), and we obtain
χa = χ
u
a +
σ20
g0c0
,
χb = χ
u
b +
D2+
g0c0
Gc(0, 0),
χc = χ
u
c +
σ20
g0c0
+
D2+
g0c0
Gb(0, 0), (11)
where
G−1α (k, ωn) = c
2
0k
2 + ω2n +M
2
α (12)
is the inverse propagator for the magneti modes a, b, c,
with gaps Mα and
χuα =
1
βV
∑
q=(k,ωn)
{
Gβ(q) +Gγ(q)− 4ω2n Gβ(q) Gγ(q)
}
,
(13)
is the traditional uniform ontribution to the susepti-
bility, with (αβγ) = (abc) and its permutations.
The set of Eqs. (11), following from the quantum a-
tions (5) and (9), is the main results of this artile. A
few remarks are in order now onerning the usefulness
of the NLSM approah to the model (2) with respet to
other approahes.
8,9,11
First, the ation (9) allows one to
easily trak down the soure of the anisotropi magneti
response, as oming from the term B · (D+×n). In fat,
depending on the diretions of D+ and of the applied
eld, there will be (or not) additional terms proportional
to Gα in Eq. (11), responsible for the unusual magneti
response. Seond, this oupling is generi to any system
where the lak of inversion-enter symmetry allows for
an osillating DM interation between neighboring spins.
Third, Eqs. (11) are exat, within linear response theory,
even though the evaluation of the zero-eld thermody-
nami quantities σ0(T ) and Mα(T ) will require, in gen-
eral, a ertain degree of approximation. Nevertheless, we
show now that all the qualitative features observed in
4
are already present at the mean-eld level.
The thermodynami properties of the model (5) an
be investigated by means of a large-N expansion.3 At
N =∞, and for T > TN , we nd σ0 = 0 and
M2b = c
2
0ξ
−2, M2a = D
2
++c
2
0ξ
−2, M2c = Γc+c
2
0ξ
−2, (14)
where the orrelation length, ξ, is alulated through an
averaged onstraint equation 1 = NI⊥(ξ). Here I⊥ =
(1/2)(Ia + Ic) with
Iα =
g0c0
βV
∑
k,ωn
Gα(k, ωn) =
g0T
2pic0
log
{
sinh (c0Λ/2T )
sinh (Mα/2T )
}
.
(15)
Sine both transverse spin-wave modes, a and c, are
gapped, the 2D system orders at a nite Néel temper-
ature, TN , dened by 1 = NI⊥(ξ =∞).12
For the ordered phase, T < TN , instead of replaing
the loal onstraint by an average one, we introdue a
potential of the type (u0/2)(n
2 − 1)2 in the ation (5),
making the onstraint loally soft. In this ase we obtain
a generalized linear sigma model (LSM), whih leads to
an ordered phase desribed by:
σ20 = 1−NI⊥, M2b = 2σ20u0, M2a = D2+, M2c = Γc.
(16)
We should emphasize that the only new parameter here
is the energy sale u0 = (γJ)
2
, where γ is a tting pa-
rameter that will be xed later through omparison with
experiments. However, an inspetion of Eq. (16), in-
diates that neither TN nor the values of σ0 and Ma,c
depend on u0. The only dierene is the physis of the
longitudinal utuations, for T < TN . While the hard
onstraint yields a longitudinal mode always gapless,
13
the soft one gives a mass for the longitudinal mode be-
low TN that is proportional to the strength of the order
parameter.
We x the large-N parameters for La2CuO4 by om-
paring the orrelation length, ξ, with the experimental
data in the paramagneti phase, and we use Ma(T =
0) ≡ D+ = 2.5 meV and Mc(T = 0) ≡
√
Γc = 5.0 meV,
for the zone enter in-plane and out-of-plane spin-wave
gaps as determined from neutron sattering.
14
In the in-
set (a) of Fig. 2 we ompare ξ−1 obtained for ρs = 0.1J ,
c0 = 1.3J and J = 100 meV with the urve ξexp, whih
represents the best t of the experimental data at T > TN
obtained in the isotropi NLSM
15
(so that ξ−1exp deviates
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FIG. 2: (Color online) Temperature dependene of the mag-
neti suseptibilities χa, χb and χc from (11). Insets: (a)
temperature dependene of Ma,b,c and (b) ξ
−1
.
from the experimental data near TN ). When 1/N or-
retions to our alulations are inluded one expets that
the ratio TN/J is redued,
13
whih allows for larger and
more realisti values for ρs, c0, and J .
2,3
Nevertheless,
with the above parameters we nd σ0(T = 0) ≈ 0.46
whih leads to an eetive moment of the Cu
++
spins,
µ = gSSσ0µB ≈ 0.46µB, in good agreement with the
experiments.
15
The resultingMa,b,c as a funtion of tem-
perature are shown in the inset (b) of Fig. 2 for γ = 0.15,
a hoie that will be justied below.
A. Temperature dependene of χa, χb and χc
Let us now disuss how all the unusual features of
the suseptibilities reported in
4
follow straightforwardly
from Eqs. (11) already at the mean-eld (large N)
level (see Fig. 2). At large temperatures, T ≫ TN ,
all three χa,b,c exhibit the usual linear-T behavior ob-
served experimentally
16
and expeted for the uniform
suseptibility of the isotropi NLSM.
3
As T → 0, on
the other hand, χub → 0 while both χuc and χua saturate
at very small, but nonzero, values. The smooth evolu-
tion through the transition experimentally observed in
χa is due to the fat that χ
u
a ontains terms like Iα in
Eq. (15), whih are regular for the transverse modes (al-
ways gapped by the DM and XY interations) and di-
verge logarithmially at TN for the longitudinal mode
as Mb(T → TN) → 0. This divergene appears as a
hump in the numerial evaluation of χa presented in Fig.
2 and is an artifat of both the low dimensionality and
of the large-N limit (a oupling between CuO2 layers or
a nonzero anomalous dimension η for the propagator of
the longitudinal mode regulates suh logarithmi infrared
divergene of Ib at TN and wipes out the feature in χa).
Finally, the weak inrease observed in χa as T → 0, also
observed experimentally, is due to the ompensation be-
tween the derease of χua and the inrease of the term
σ20/g0c0.
We turn now to χc and χb. As T → TN ,
χc ≈
D2+
g0c0
Gb(0, 0) =
D2+
g0c0
1
M2b
(17)
diverges beause of the vanishing of the mass of the lon-
gitudinal mode,Mb(T → T+N )→ 0, and this is assoiated
with the ferromagneti ordering of the anted moments.
11
It is essential to have a niteMb below TN in order to or-
retly reprodue the behavior of χc in the ordered phase.
So, although the hard-spin model orretly reprodues
the vanishing of Mb as T → T+N , it is not adequate for
the ordered phase, where Mb = 0 leading to a diverging
χc for all T < TN . That is why we have adopted the soft
version of the onstraint below TN .
Finally, we observe in Fig. 2 that χb is not divergent at
TN but exhibits a well pronouned peak. This is a onse-
quene of the term D2+Gc(0, 0)/g0c0 = D
2
+/(g0c0M
2
c ).
Aording to Eq. (14), as we approah TN from the
paramagneti side ξ−2 goes to zero and D2+/(g0c0M
2
c )
approahes the value D2+/(g0c0Γc) ≈ 1/(4g0c0), whih is
ontrolled by the ratio between the DM and XY intera-
tion terms. Observe that the absene of a similar feature
in χa is due to the fat that, for B ‖ a, B · (D+×n) = 0,
so χa has only the uniform ontribution χ
u
a . Thus, the
inrease in χb as T → T−N is learly a result of the sum of
its uniform part, χub , whih is monotonially inreasing
with T , and the term D2+/(g0c0M
2
c ), whih is onstant
below TN and dereases instead as ∼ ξ2 above TN .
B. Unusual χa(0) < χb(0) < χc(0) hierarhy
A omment is in order now onerning the hierarhy of
the T = 0 suseptibilities in Fig. 2. For an ordinary easy-
axis AF with dierent in-plane and out-of-plane trans-
verse gaps, Ma < Mc, it is expeted that the T = 0
uniform suseptibilities should satisfy χub (0) < χ
u
a(0) <
χuc (0), with the lowest value for the easy axis and with
a transverse suseptibility smaller in the diretion of the
smaller gap. This is in fat the result that one obtains
after dropping the terms proportional to D2+ in Eq. (11).
However, the unusual oupling between B and n in (9)
gives rise to the terms proportional to D2+ in χb(0) and
χc(0), whih, in turn, lead to the following T = 0 values
for the three suseptibilities
χa ≈ σ
2
0
g0c0
, χb =
1
g0c0
D2+
M2c
, χc ≈ χa + 1
g0c0
D2+
M2b
,
(18)
resulting in the unusual hierarhy of the zero-
temperature values and rendering La2CuO4 an example
of an unonventional easy-axis antiferromagnet. Observe
that χc(0)/χa(0) > 1 always, and we use the T = 0 in-
terept of χc to x γ = 0.15. Finally, for our hoie
of parameters the ratio χb(0)/χa(0) ∼ 1.1, in relatively
5good agreement with the experiments,
4
but it depends in
general on the values of the transverse masses.
17
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FIG. 3: (Color online) Plot of σ0, Mb, and M
exp
b from Eqs.
(21) and (20). Mexpb is tted to the experimental data for the
inverse orrelation length above TN , see disussion in the text
below Eq. (21). Inset: χc in units of emu/g and experimental
points from
4
. χexpc is obtained from Eqs. (11) using M
exp
b .
Here ρs = 0.07J , γ = 0.5, a = 5.3 Å, the out-of-plane lattie
parameter d = 13.5 Å, and we added a T -independent shift
of χ
vV
≈ 1.0 × 10−7 emu/g to aount for the van Vlek
paramagneti suseptibility.
4
IV. EFFECS OF A FINITE MAGNETIC FIELD
B ⊥ CuO2 LAYERS
The result for χc plotted in Fig. 2 an be further im-
proved by onsidering expliitly the nontrivial eets of
the ombination B ⊥ ab plane and D+ 6= 0 on the ther-
modynami properties of the theory (9). In fat, in this
ase the last term in Eq. (9) beomes −(1/g0c0)
∫
h nb,
where h = |B×D+|. Within the NLSM formulation the
averaged onstraint equation denes a self-onsisteny
equation for the order parameter given by:
σ20 = 1−NI⊥(M2⊥ + h/σ0) (19)
where the masses appearing in the transverse spin u-
tuations (15) are themselves a funtion of σ0:
M2a = D
2
+ +
h
σ0
, M2c = Γc +
h
σ0
+B2. (20)
As one an see, besieds a (quantitatively small) hard-
ening of the c mode due to the applied eld, we nd
that the term h/σ0 plays a a role similar to the orre-
lation length, c2ξ−2, in Eq. (14). The result is that σ0
never vanishes for h 6= 0 (see Fig. 3), and beause of the
DM interation, a nonvanishing B ⊥ ab plane transforms
the Néel seond order phase transition into a rossover.
In analogy with the disussion of the ase B = 0, the
proper desription of the longitudinal-eld utuations
below the rossover temperature an be done within the
LSM, where the order-parameter equation and the longi-
tudinal mass read:
u0σ0(σ
2
0−1+NI⊥(M2⊥+h/σ0, T )) = h, M2b = 2u0σ20+
h
σ0
.
(21)
Observe that the rossover temperature obtained from
Eq. (19) and Eq. (21) is almost the same. To inter-
polate between the two solutions we dene (M expb )
2 =
max(h/σ0, 2u0σ
2
0 + h/σ0) and we x the parameter val-
ues by tting M expb to the the experimental data on the
orrelation length above TN . As far as the c-axis susep-
tibility is onerned it is now evident from the inset of
Fig. 3 that χc no longer diverges (Mb is always nite) but
beomes peaked at a rossover temperature at whih Mb
has a minimum (see Fig. 3). Observe also that for χa and
χc the eets of a nite magneti eld are instead negli-
gible, leading only to small quantitative dierenes with
respet to the alulation presented before for B = 0.
V. CONCLUSIONS
In onlusion, we have derived the uniform magneti
suseptibility within the long-wavelength eetive theory
(5)-(9) for the single-layer square-lattie QHAF with DM
and XY interations (2). We obtained that the magneti
response is anisotropi, in remarkable agreement with the
experiments of
4
, and diers from the expeted behavior
for a more onventional easy-axis QHAF. Due to the pres-
ene of the DM term, the uniform magneti eld gener-
ates an eetive staggered eld proportional to both the
DM interation and to the applied eld. We showed that
the oupling between the magneti eld and the stag-
gered order parameter is partiularly relevant when the
order-parameter utuations beome ritial, leading to
an anomalous magneti response of the system, as ob-
served for example in
4
. Moreover, this same oupling
is responsible for the unusual zero temperature hierahy
of the suseptibilities, rendering La2CuO4 an example
of an unonventional easy-axis antiferromagnet. Finally,
we onsidered the eet of a nite magneti eld on the
χc suseptibility. We found that, for a nonzero B ⊥ ab
plane, the Néel seond order phase transition beomes a
rossover, see Fig. 3, in analogy with the beahvior of a
ferromagnet in a nite magneti eld. The nite-eld ef-
fets are instead irrelevant as far as the suseptibilities in
the a and b diretion are onsidered. However, the ase of
B ‖ b presents interesting outomes as far as the seletion
rules for one-magnon Raman sattering are onerned,
as it has been disussed reently in Ref.
18
. While Eq.
(9) and (11) have been derived for the ase of La2CuO4
materials, the present analysis an be extended to other
QHAF systems where the lak of inversion-enter sym-
metry allows for an osillating DM interation between
neighboring spins.
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